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2.3 Výpočet integrálu
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1 Př́ıklad 6.

1.1 Zadáńı

Př́ımou integraćı (tj. z definice) i užit́ım vhodné integrálńı věty vypočtete

práci silového pole ~F = (xy; x+y) po okraji obdélńıku 0 ≤ x ≤ a, −b ≤ y ≤ b
orientovaném proti směru pohybu hodinových ručiček.

1.2 Př́ımý výpočet

~F = (xy; x + y)

W =
∫

C

~Fd~r

W =
∫

C
Fxdx +

∫
C

Fydy

1.2.1 ξ1

x = t . . . dx
dt

= 1

y = −b . . . dy
dt

= 0
t ∈ [0, a]

Wξ1 =
∫ a

0

(
Fx

dx

dt
+ Fy

dy

dt

)
dt

Wξ1 =
∫ a

0
(−bt + (t− b) · 0) dt

Wξ1 =
∫ a

0
−btdt

Wξ1 = −b
[
1

2
t2
]a
0

Wξ1 = −1

2
a2b

1.2.2 ξ2

x = t . . . dx
dt

= 1

y = −b . . . dy
dt

= 0
t ∈ [a, 0]

Wξ2 =
∫ 0

a
btdt

Wξ2 = b
[
1

2
t2
]0
a
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Wξ2 = −1

2
ba2

1.2.3 ξ3

x = a . . . dx
dt

= 0

y = t . . . dy
dt

= 1
t ∈ [−b, b]

Wξ3 =
∫ b

−b
(0 + (a + t))dt

Wξ3 = 2ab +
[
1

2
t2
]b
−b

Wξ3 = 2ab

1.2.4 ξ4

x = 0 . . . dx
dt

= 0

y = t . . . dy
dt

= 1
t ∈ [−b, b]

Wξ4 =
∫ b

−b
tdt

Wξ4 = 0

1.2.5 Závěr

W =
4∑

i=1

Wξi
= 2ab− a2b

1.3 Výpočet integrálńı větou

1.3.1 Stokesova věta

∮
~Fd~l =

∫ ∫
rot ~Fd~s

1.3.2 Výpočet

∫ ∫
rot ~Fd~s =

∫ ∫
(rot ~F )xdydz +

∫ ∫
(rot ~F )ydzdx +

∫ ∫
(rot ~F )zdxdy

rot ~F = ~∇× ~F =

(
∂Fz

∂y
− ∂Fy

∂z
;
∂Fx

∂z
− ∂Fz

∂x
;
∂Fy

∂x
− ∂Fx

∂y

)
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~F = (xy; x + y, 0)
~∇× ~F = (0, 0, 1− x)∮

~Fd~l =
∫ ∫

(rot ~F )zdxdy =
∫ b

−b

∫ a

0
(1− x)dxdy = 2ab− a2b

1.3.3 Závěr

W = 2ab− a2b

2 Př́ıklad 7.

2.1 Zadáńı

Určete (př́ımo nebo použit́ım vhodné integrálńı věty) tok vektoru intenzity
gravitanho pole buzeného částićı o hmotnosti m umı́stěnou v počátku sous-
tavy souřadnic povrchem koule o poloměřu R se středem v pořátku soustavy
souřadnic orientovaným vněǰśı normálou.

2.2 Teorie

~E = κm
~r

r3

~E = κm

(
− x

(x2 + y2 + z2)
3
2

,− y

(x2 + y2 + z2)
3
2

,− z

(x2 + y2 + z2)
3
2

)

x = r cos ϕ sin ϑ
y = r sin ϕ sin ϑ
z = r cos ϑ

∮ ∮
~Ed~s =

∫ ∫
Exdydz +

∫ ∫
Eydzdx +

∫ ∫
Ezdxdy

x2 + y2 + z2 = r2

~eϕ = (
∂x

∂ϕ
;
∂y

∂ϕ
;
∂z

∂ϕ
) = (−r sin ϕ sin ϑ, r cos ϕ sin ϑ, 0)

~eϑ = (
∂x

∂ϑ
,
∂y

∂ϑ
;
∂z

∂ϑ
) = (r cos ϕ cos ϑ, r sin ϕ sin ϑ,−r sin ϑ)



2.3 Výpočet integrálu
∫ ∫

Exdydz 5

2.3 Výpočet integrálu
∫ ∫

Exdydz

∫ ∫
Exdydz = κm

1

r3

∫ 2π

0

∫ π

0
r cos ϕ sin ϑ

∣∣∣∣∣ r sin ϕ sin ϑ −r sin ϑ
r cos ϕ sin ϑ 0

∣∣∣∣∣ dϑdϕ

∫ ∫
Exdydz = κm

∫ 2π

0

∫ π

0
cos2 ϕ sin3 ϑdϑdϕ

∫ ∫
Exdydz =

3

4
πκm

Vzhledem k symetrii koule bude podle všech 3 os bude tok Ex, Ey i Ez stejný.∮ ∮
~Ed~s = 3 ·

∫ ∫
Exdydz

∮ ∮
~Ed~s = 3 ·

∫ ∫
Eydzdx∮ ∮

~Ed~s = 3 ·
∫ ∫

Ezdxdy

⇒ 4πκm

2.4 Závěr

Φ = 4πκm
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