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JATLIEEWw ¥ =IeEEs T
schen Beziehungen entwickelt.

Das korr. Mitglied H. Hahn {ibersendet folgende Mitteilung:
,Zum intuitionistischen Aussagenkalkil« von IKurt
Godel in Wien.

Fiir das von A. Heyting? aufgestelite System H des intui-
(ionistischen AL_lssagenkailu‘.‘lls gelten folgende Sitze:

. Es gibt keine Realisiertnig nit endlich vielen Elementen
(‘[l'-"czhﬁzeitswerlen}, fiir welche die wnd e die in H beweisbaren
Formeln erfiillt sind (d. h. bei beliebiger Einselzung ausgezeichnele
Werle evgebeil).

‘ . Zwischen H und dein Sysfemn A des gewdhnlichen Aussagen-
kalkiils liegen unendlich viele Sysieme, d.h. es gibl eine monolon ab-

-

 pelanende Folge von Systemen, velche scintlich H wuifassen uid
- in A enthalten siud.

: Der Beweis ergibt sich aus folgenden Tatsachen: Sei F, die
% Formel:
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wobei ? die iterieste v-Verkniipfung bedeulet und die a; Aussage-
¢ variable sind. F, ist erfiillt fiir jede Realisierung mit weniger als 2
. Elementen, flr welche alle in H beweisbaren Formeln erfiilit sind.
“Denn bei jeder Einsetzung wird in mindestens einem Summanden
Sivon F, a; und a; durch dnsselbe Element e ersetzt und ¢DCe.vh
i ergibt bei beliebigem b emen ausgezeichneten Wert, weil die Formel
“adCa.vb in H beweisbar ist. Sei ferner S, die folgende Reali-
:ﬁiel‘ttng :
B Elemente: {1,2... n), ausgezeichnetes Element: 1;

avb—minia, b}, arb=max (a,b); a D b= tflic a = b;
ayb=>b fir a=cb; 1 a=1u fir agen, 1 =1

~ Dann sind fly S, simtliche F ormeln aus H und die Formel
fingy sowie alle F; mit groferem Index erfiillt, dagegen I5, sowie
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alle F; mit kleinerem Index nicht erfulit. Insbesonders ergibt sich
daraus, daf kein Iy in H beweisbar ist. Es gilt iibrigens ganz all- -
gemein, dafl eine Formel der Gestall Av B in H nur dann'beweis-
bar scin kann, wenn entweder A oder B in H beweishar ist.




Let V C [0, 1] be some set of truth values which contains 0 and 1.
A propositional Godel valuation Z° (short valuation) based on V is
a function from the set of propositional variables into V with
Z°(L) = 0. This valuation can be extended to a function mapping
formulas from Frm(.#°) into V as follows:

T°(A A B) = min{Z°(A),Z°(B)},

T°(AV B) = max{Z°(A),Z°(B)},
1 7I9A) =1,
T(AA) = {0 IOEA; <1,

T°%(A— B) =



A formula is called valid with respect to V if it is mapped to 1 for
all valuations based on V. The set of all formulas which are valid
with respect to V' will be called the propositional Godel logic based
on V and will be denoted by GY,.

The validity of a formula A with respect to V will be denoted by

=Y A or ):G?/ A.

Let ~Abe A— 1L and A< B be (B— A) = B.

79(-A) = 0 if Z%(A) >0,
)1 otherwise,
1 if Z0(A) < Z°%(B) or I°(A) = 1°%(B) =1,

I°(A< B) =
( ) {I(B) otherwise.



We assume closed V and countable I'. If I is a set of formulas
(possibly infinite), we say that " entails A in Gy, I |=,, A iff for all
Z into V, Z(T') < Z(A).

[ 1-entails Ain Gy, [ — A, iff, for all Z into V, whenever

Z(B) =1forall BeT, then Z(A) = 1.

Proposition
M, Aiff M —y A



Examples

E(A— B)Vv(B—A)
E(A—B)V((A— B)— A)
E-AV--A
FA—-BVB—-CVvC—D



Let Gy = {A: |5, A} be the propositional Godel logic for V.

Proposition

(i) Gy = Gy iff [V| = |V’| or both V, V/ are infinite
(ii) Gy - Gy iff ’V’ < ‘VI‘

(iii) ﬂ|V\finite Gv = G,

(iv) Assume A contains n variables, then

Ghio EA= forall V: Gy F A

Proof
i, iii, iv are obvious
ad ii. Gy C Gy is obvious, and Gy ): A‘V‘, but Gy K A‘\/| for

A|V‘:p1\/p1—>p2\/...\/p‘v|—>—r



Godel Conditional

Suppose we have a standard language containing a ‘conditional’ —
interpreted by a truth-function into [0, 1], and some entailment
relation |=. Suppose further that
a conditional evaluates to 1 if the truth value of the
antecedent is less or equal to the truth value of the
consequent, i.e., if Z(A) < Z(B), then Z(A - B) =1,
if [ = B, then Z(I') < Z(B);
the deduction theorem holds, i.e.,
ry{A}EBeTlEA—B.

Then — is the Godel conditional.



Proof

From (1), we have that Z(A — B) = 1 if Z(A) < Z(B). Since = is
reflexive, B |= B. Since it is monotonic, B, A |= B. By the
deduction theorem, B = A — B. By (2),

I(B) < Z(A — B).

From A — B = A — B and the deduction theorem, we get
A— B A= B. By (2),

min{Z(A — B),Z(A)} < Z(B).

Thus, if Z(A) > Z(B), Z(A — B) < Z(B).



Theorem
(i) Ev is compact iff V is uncountable
(ii) There are uncountably many different {< T, A>:T =y A}

Example: V = {1 :n e N} U {0} does not admit a compact
entailment

Let T ={x1 <x, %0 < x3,...}U{xy >z,x0>2z...}

I'E=v z but ' ¥ z for all finite subsets " C T.



Axioms and deduction systems for Godel logics

We will denote by IL the following complete axiom system for
intuitionistic logic.

I1
12
I3
I4
I5
16
I7

MP

1—=A I8
A— (B— A) 19
(ANB) = A 110
(ANB)— B 111
A—(B—(AAB)) 112
A— (AV B) 113
B— (AV B)

A A—B

B

(A= B)—=[(C— A)— (C — B)]
[A— (C— B)] = [C— (A— B)]
A=-CONB—-C)—=((AvB)—=C
(C—>AAN(C—B)—(C—(AANB)
(A= (B—C)—=(AANB— ()
[A—- (A= B)]— (A— B)



Theorem
Go,1] is axiomatized by IL + (A — BV B — A)

Proof
A chain on Xi, ..., x, is an expression

(L xp Xn(l)) A (X7r(1) X1 Xﬂ(2)) VANAN (X7r(n) Xp T)

where 7 is a permutation and x; € {<, —}.
\V  cenain  C is valid (use that all Godel logics prove

on {xq,..., xn}

Fogu=<vVusvVvy<u).



Proof cont.

Let F(x1,...,xn) be the set of formulas in x1, ..., xp,
et F(xy, ..oy xn) ¥ {x1,...,%n, T, L} the formal evaluation of a
formula under C, then

CAA+ CAY(A)
A formula is valid iff 1pc(A) = 1 for all C.

\ €« \/ CAT & \/(Crvc(A)) « \/(CrA) < (\/ O)AA < A

Corollary

Strong completeness for uncountable V' follows from compactness.

Corollary
G)y| with [V[ = n is axiomatize by

G[071]+T—>A1\/A1—>A2\/...\/A,,_1—>L



Godel logics with A

Theorem
G|o,1) extended by A is axiomatized by Gyg 1) and

Al AAVAA

A2 A(AVB)— (AAV AB)
A3 AA—A

A4 AA— ANA

A5 A(A— B) = (AA— AB)

A
A6 R4



First order Godel Logics

Definition

A Godel set is a closed set V' C [0, 1] which contains 0 and 1.
Let V be a Godel set. An interpretation I into V, or a
V-interpretation, consists of

a nonempty set U = U7, the ‘universe’ of Z,
for each k-ary predicate symbol P, a function PZ: UK — V,
for each k-ary function symbol f, a function fZ: UK — U,

for each variable v, a value v € U.



Given an interpretation Z, we can naturally define a value tZ for
any term t and a truth value Z(A) for any formula A of .#Y. For a

term t = f(uy,...,ux) we define Z(t) = fX(uf,..., ul). For
atomic formulas A = P(ty,...,t,), we define
I(A) = PX(tf,... tl). For composite formulas A we extend the

truth definitions from the propositional case for the new syntactic
elements by:

Z(Vx A(x)) = inf{Z(A(u)) : u € U}
Z(3Ix A(x)) = sup{Z(A(u)) : u € U}.
If Z(A) = 1, we say that Z satisfies A, and write Z |= A. If

Z(A) =1 for every V-interpretation Z, we say A is valid in Gy and
write Gy = A.



Ve = [0, 1] Vo = {0} U[1/2,1]
V, = {1/k| k > 1} U{0}
Vi={1-1/k| k>1}U{l1}
Vp={1-1/k|1<k<m-1}U{1l}
The corresponding Godel logics are Go 1), Go, G|, Gy, and G,
G|o,1] is the standard Godel logic.

Theorem

G= (] Gy

V:| V] is finite

G = ) Gv
all v



Gn 2 Gn+1v
Gn 2 GT 2 G]Ry
Gn 2 GJ/ Q GR!

Go 2 Gr.
G, 2M,Gn=6G+2G, 2Gpy =), Gv.



Intuitionistic First Order Logic IL! extends IL by

A — B(a)
A= VxB(x) VxB(x) — B(t)
Hi‘/(\é(’)x)ii A(t) = IA(X)

(a does not occur in the lower sequent)



Axiomatizability results

Axiomatizable case 1: 0 is contained in the perfect kernel
Gy is axiomatized by

IL + A=BVB—=A + Vx(AVB(x)) = AV VxB(x)

Remark: Gy = Gy iff V, V/ are uncountable and 0 is in the
perfect kernel of each of them.



Axiomatizable case 2: 0 is isolated
Gy is axiomatized by

Gy +  YY(EVXA(x, ) = 3x2A(x,¥))

Remark: Gy = Gy if both are uncountable with 0 isolated.

Axiomatizable case 3: Finite Godel sets
Gy with |V| = n is axiomatized by

c';[0,1] + T—->AVA —-AV..VA,_1— 1



Not recursively enumerable case 1: Countable Godel sets
Let A8 =

SN eE0NeEON < A ,
{ Wi [¥x, yVj¥k3z D V Vx(x € s(i))] }_> (A7V3u Plu))

where S is the conjunction of the standard axioms for 0, successor
and <, with double negations in front of atomic formulas,

J<iAnxejNk<iNyeEkAx=<y)—

b —(zes()Ax<zANz=<y)



Not recursively enumerable case 2: 0 not isolated but not in
the perfect kernel
Let AP =

SAVn((Q(n) — Q(s(n))) — Q(n)) A
—VnQ(n) AVn—=—=Q(n) A
Vnvx((Q(n) — P(x,n)) — Q(n)) A — (A'V3n3u P(u, n)v3
VnIxdy(x €, 0Ny €,0A X <, y) A
VnVi[Vx, yVjVk3z E V Vx=(x €, s(i))]

where S is the conjunction of the standard axioms for 0, successor
and <, with double negations in front of atomic formulas,

J<iAnxeEnjNk<iNy€ErkAx=<,y)—

E .
—(z€ns(NAXx<pzANZ=<pYy)

and A’ is A where every atomic formula is replaced by its double
negation, and all quantifiers are relativized to the predicate
R(n) = Vidx(x €, ).



Relation to Kripke frames

Theorem
For every countable linear Kripke frame K there is a Godel set Vi
such that L(K) = Gy,.



Theorem

The set of infinitely-valued propositional Godel logics is singleton.
The set of infinitely-valued first-order Godel logics is countable.
The set of infinitely-valued propositional and first-order
entailments is uncountable.

The set of infinitely-valued propositional Godel logics with
propositional quantifiers is uncountable.

Theorem

For every n there is exactly one n-valued propositional logic,
n-valued propositional logic with quantifiers, n-valued first-order
logic, n-valued first-order logic with entailment.



Godel, Kripke frames and Intuitionistic Logic

Godel (1933)

Wanted to show that Intuitionistic Logic does not have a finite
matrix, i.e., is not a finitely valued logic.

Kripke (60ies)
Semantic for Intuitionistic Logic based on trees.

Axiom (A — B) V (B — A) of Godel logics implies linearity on
Kripke frames.



Relating Godel logics and logic on Kripke frames

“Truth values in Kripke frames'’

Sets of worlds in which a formula is true, is upward closed.

The set of upwards closed sets in K, Up(K), is a Godel algebra.
A (order theoretic) upper limit point w generates two distinct
upward closed sets:

wh ={veK:R(w,v)}
w* = wh\ {w}



The logic L(Q) cont.

An embedding of Q' into [0, 1] preserving the order, infima and
suprema will generate a set which is isomorph to the border points
of the Cantor middle third set. The closure of this set is the
Cantor middle third set.



The logic L(Q) cont.

An embedding of Q' into [0, 1] preserving the order, infima and
suprema will generate a set which is isomorph to the border points
of the Cantor middle third set. The closure of this set is the
Cantor middle third set.

Thus, L(Q) = G(C[o,l] - G[O,l]



Equivalence result

Godel logic to Kripke frame
For each Godel logic there is a countable linear Kripke frame such
that the respective logics coincide.

Kripke frames to Godel logic
For each countable linear Kripke frame there is a Godel truth value
set such that the respective logics coincide.



Definition (sequent)

A sequent is
r=A

where ', A are multisets of formulas and |A| < 1.



Sequent calculus LJ - structural rules

Axiom
AF A
weakening

reA [

AL THA M- A
contraction

A, AL TEA c

A, THA
cut

r-A  ANFA cut(A)

rOFA

Al <1



Sequent calculus LJ - logical rules

and A

ALlEA , A TEFA , TEFA TEB ,
ALNALTEA 0 ALANALTEA 7 r-AAB r
or V
ALTEA  ATEA M- A r-A

ALV Ay TFA L TEAIVA "TFAVA, 7
not —

r-A _, ATE

-A T+ TFoA T
implication —
rFAL ATEA AL TE A
AL — Ao TFA TFA — A '

Al <1



Sequent calculus LJ - logical rules

for all v
A{x — t},TFA M= A{x < a}
(V)AKX),TFA ME(V)AKx)

t term, does not contain any variables which are bound in A and «
is a free variable which may not occur in I, A, A. « is called an
eigenvariable.

there exists 3
A{x < a},TFA M= A{x < t}

(F)AKX),T-A MF@x)Ax)
The variable conditions for 3; are the same as those for V, and
similarly for 4, and V.

Al <1




Definition (hypersequent)

A hypersequent is a multiset
MEA | ... |ThEA,

where for every i =1,...,n, ['; - A; is a sequent, called
component of the hypersequent.



Axioms
AFA L1F

A is atomic
External Structural Rules
G (ew)
G|ITHA
Internal Structural Rules
G|THC (w. 1)
GITLAFC "

GIT,I"FA G [T, FA

GG |ILMEA|ITTEA

(com)

Cut Rule

G|I"FA G'|ATFEC

Glerrrc

G|TH

crrrc 0




G|S G|S G|
G ’ S/l G ‘ S//
for S, S’, 5" as in the logical rules for LJ.

Logical Rules

Theorem
If d = H, one can find a cut-free proof d' = H with |d'| < 4|d|

(d)’



Corollary (Midhypersequent theorem)

For every valid hypersequent of prenex formulas there exists a
hypersequent (the midhypersequent) such that all inferences in the
proof above are propositional or structural and all inferences below
are quantificational or structural.

Corollary
The prenex fragment of G 1] admits Skolemization.



AFA BFB
AFB|BFA

A-FB| FB—A
FASB|FB— A
FASBVB—SA| FBoA

FA—-BVB—-A|FA—-BVB—A

FA—-BVB—=A



B(a) F B(a) AEA

AFA B(a)F A| AF B(a)
AV B(a)FA| AE B(a) B(a) - B(a)
AVB(a)F A| AV B(a)F B(a)
Vx(AV B(x))F A| AV B(a) F B(a)
Vx(AV B(x))F A | Vx(AV B(x)) - B(a)
Vx(AV B(x))F A | ¥x(AV B(x)) - VxB(x)

Vx(AV B(x)) F AV VxB(x) | Vx(AV B(x)) F ¥xB(x)

Vx(AV B(x)) F AVVxB(x) | Yx(AV B(x)) - AV VxB(x)

Vx(AV B(x)) F AV VxB(x)
FVx(AV B(x)) = AV VxB(x)
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