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Petr Vopénka studied mathematics at Faculty of Mathematics and
Physics of Charles University in years 1953 — 58.
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The main result of his master thesis was the Theorem stated below.
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The main result of his master thesis was the Theorem stated below.

Actually, Petr Vopénka was the last student of Eduard Cech.
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Petr Vopénka studied mathematics at Faculty of Mathematics and
Physics of Charles University in years 1953 — 58.
The supervisor of his master thesis was Eduard Cech.

The main result of his master thesis was the Theorem stated below.

Actually, Petr Vopénka was the last student of Eduard Cech.

The topology knows more than three definition of dimension of a
topological space X

ind(X), Ind(X) and dim(X).
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The small inductive dimension ind(X) is defined by mathematical
induction as follows:
ind(0) = —1,
ind(X) <nif
(Vz e X)(V open U 5 z)(3 open Vo2)(VCU
A ind(Bd(V)) <n —1).
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The small inductive dimension ind(X) is defined by mathematical
induction as follows:
ind(0) = —1,
ind(X) <nif
(Vz e X)(V open U 5 z)(3 open Vo2)(VCU
Aind(Bd(V)) <n—1).
The large inductive dimension Ind(X) is defined similarly:

Ind(0) = —1,
Ind(X) <nif

(Vclosed FF C X)(Vopen U 2 F)(Jopen V) (FCV CU
A Ind(Bd(V)) <n-—1).
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The small inductive dimension ind(X) is defined by mathematical
induction as follows:

ind(0) = —1,

ind(X) <nif

(Vz e X)(V open U 5 z)(3 open Vo2)(VCU
A ind(Bd(V)) <n —1).

The large inductive dimension Ind(X) is defined similarly:
Ind(0) = —1,
Ind(X) <nif

(Vclosed FF C X)(Vopen U 2 F)(Jopen V) (FCV CU
A Ind(Bd(V)) <n-—1).

The covering dimension dim/(X) is defined as follows:

dim(X) < n if for every open cover U of X there exists an open
cover V, refinement of U, such that for every Vo CV, [Vo| > n + 2
we have MV = 0.
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If X is separable metrizable space then
ind(X) = Ind(X) = dim(X).
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Theorem

If X is separable metrizable space then
ind(X) = Ind(X) = dim(X).
The famous problem, formulated by several topologists including

P.S. Alexandroff in 1935, was the question, whether the equality
holds true also for compact topological spaces.
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Theorem

If X is separable metrizable space then
ind(X) = Ind(X) = dim(X).
The famous problem, formulated by several topologists including

P.S. Alexandroff in 1935, was the question, whether the equality
holds true also for compact topological spaces.

Petr Vopénka in his master thesis has proved

Theorem (Petr Vopénka )

For any integers 0 < m < n there exist compact topological spaces
X, Y such that

dim(X) =m, ind(X) =n, dim(Y) =m, Ind(Y) =n.
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In March 1960 Prof. Eduard Cech died.
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In March 1960 Prof. Eduard Cech died.

Petr Vopénka began to take part in the seminary of Ladislav Svante
Rieger, devoted to mathematical logic and set theory.
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In March 1960 Prof. Eduard Cech died.

Petr Vopénka began to take part in the seminary of Ladislav Svante
Rieger, devoted to mathematical logic and set theory.

Working in this seminary, Petr Vopénka obtained very soon
non-trivial results about models of set theory.
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In March 1960 Prof. Eduard Cech died.

Petr Vopénka began to take part in the seminary of Ladislav Svante
Rieger, devoted to mathematical logic and set theory.
Working in this seminary, Petr Vopénka obtained very soon
non-trivial results about models of set theory.

Let us note that Petr Vopénka preferred to work with the
Godel-Bernays axiomatic of the set theory. He was mainly
influenced by Godel’s work and the fact that this axiomatic is finite.
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In March 1960 Prof. Eduard Cech died.

Petr Vopénka began to take part in the seminary of Ladislav Svante
Rieger, devoted to mathematical logic and set theory.
Working in this seminary, Petr Vopénka obtained very soon
non-trivial results about models of set theory.

Let us note that Petr Vopénka preferred to work with the
Godel-Bernays axiomatic of the set theory. He was mainly
influenced by Godel’s work and the fact that this axiomatic is finite.

He constructed a model of the Gédel-Bernays set theory by
ultrapower and showed that this model is often non-well founded.

Then using well founded model constructed by a measurable
cardinal, Petr Vopénka presented a very nice proof of a recent
result by Dana Scott, that the existence of a measurable cardinal is
incompatible with the axiom of constructibility.
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In February 1963, Ladislav Svante Rieger died.
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In February 1963, Ladislav Svante Rieger died.
Petr Vopénka became the leader of his seminary. Actually,
Petr Vopénka established an essentially new seminary.
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In February 1963, Ladislav Svante Rieger died.
Petr Vopénka became the leader of his seminary. Actually,
Petr Vopénka established an essentially new seminary.

In October 1963, with the exception of Petr Vopénka, the seminary
has just two members with finished higher education — Petr Hajek
and me. The other members, at least eight, were the students of
mathematics at Charles University. The members of the seminary
were strongly influenced by the enthusiasm of Petr Vopénka for the
set theory. The work of the seminary was very intensive.
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In February 1963, Ladislav Svante Rieger died.
Petr Vopénka became the leader of his seminary. Actually,
Petr Vopénka established an essentially new seminary.

In October 1963, with the exception of Petr Vopénka, the seminary
has just two members with finished higher education — Petr Hajek
and me. The other members, at least eight, were the students of
mathematics at Charles University. The members of the seminary
were strongly influenced by the enthusiasm of Petr Vopénka for the
set theory. The work of the seminary was very intensive.

In the Academic year 1963/64 the seminary started with special
domains of set theory and of the theory of models of set theory.
The recent results of Petr Vopénka concerning mainly utraproduct
models of set theory were deeply studied.
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In February 1963, Ladislav Svante Rieger died.
Petr Vopénka became the leader of his seminary. Actually,
Petr Vopénka established an essentially new seminary.

In October 1963, with the exception of Petr Vopénka, the seminary
has just two members with finished higher education — Petr Hajek
and me. The other members, at least eight, were the students of
mathematics at Charles University. The members of the seminary
were strongly influenced by the enthusiasm of Petr Vopénka for the
set theory. The work of the seminary was very intensive.

In the Academic year 1963/64 the seminary started with special
domains of set theory and of the theory of models of set theory.
The recent results of Petr Vopénka concerning mainly utraproduct
models of set theory were deeply studied.

Let me remind that during the session of the seminary,

Petr Vopénka usually sit down by the last table, of course with
ashtray and cigarette, and let the session go without his
interruption.
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In 1963 Petr Vopénka obtained the manuscript of Paul Cohen
paper on the independence of the continuum hypothesis.

Lev Bukovsky Institute of Mathematics, P.J. Safarik University, Kosice, Professor Emeritus

Petr Vopénka — From Topology to Set Theory



In 1963 Petr Vopénka obtained the manuscript of Paul Cohen
paper on the independence of the continuum hypothesis.
He began immediately to study it, trying to find some new ideas.
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In 1963 Petr Vopénka obtained the manuscript of Paul Cohen
paper on the independence of the continuum hypothesis.

He began immediately to study it, trying to find some new ideas.
He let read his new versions in the seminary. Some two or three
versions were read without finishing — new version has appeared.
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In 1963 Petr Vopénka obtained the manuscript of Paul Cohen
paper on the independence of the continuum hypothesis.
He began immediately to study it, trying to find some new ideas.
He let read his new versions in the seminary. Some two or three
versions were read without finishing — new version has appeared.
Finally, in April 1964, Petr Vopénka in his seminary let presented
paper in which the independence of Continuum Hypotheses of the
Gddel-Bernays set theory was proved. The topologist Petr Vopénka
considered some clopen subsets of the generalized Cantor space
C(k) as forcing condition. Actually, he has already defined the
"Boolean value" of a formula in this forcing as an open subset of
C (k). The universe of the model was an ultraproduct of
generalized Godel's structure of the constructible universe by
A. Lévy and A. Hajnal over C(x). The ultrafilter had to contain all
open dense subsets of C(k). Full paper was published Russian in
Commentationes Mathematicae Universitas Carolinae (shortly
CMUC) in 1964 (English translation in AMS Translations 1966).
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In the next years Petr Vopénka obtained fully new topological
version of construction of models of the set theory by sheaves of
functions over a topological space. The main parameters of the
model was the topological space and an ultrafilter containing all
open dense sets.
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In the next years Petr Vopénka obtained fully new topological
version of construction of models of the set theory by sheaves of
functions over a topological space. The main parameters of the
model was the topological space and an ultrafilter containing all
open dense sets.

A Polish mathematician Czestaw Ryll-Nardzewski has remarked
that Petr Vopénka de facto works with a complete Boolean algebra.
So the theory of Boolean-valued models of the set theory has
arisen. The obtained results were published in the paper General
Theory of V-models in CMUC 1967.
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In the next years Petr Vopénka obtained fully new topological
version of construction of models of the set theory by sheaves of
functions over a topological space. The main parameters of the
model was the topological space and an ultrafilter containing all
open dense sets.

A Polish mathematician Czestaw Ryll-Nardzewski has remarked
that Petr Vopénka de facto works with a complete Boolean algebra.
So the theory of Boolean-valued models of the set theory has
arisen. The obtained results were published in the paper General
Theory of V-models in CMUC 1967.

Independently of Petr Vopénka American mathematicians Robert
Martin Solovay and Dana Stewart Scott have built similar theories
of Boolean-valued models.
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In the next years Petr Vopénka obtained fully new topological
version of construction of models of the set theory by sheaves of
functions over a topological space. The main parameters of the
model was the topological space and an ultrafilter containing all
open dense sets.

A Polish mathematician Czestaw Ryll-Nardzewski has remarked
that Petr Vopénka de facto works with a complete Boolean algebra.
So the theory of Boolean-valued models of the set theory has
arisen. The obtained results were published in the paper General
Theory of V-models in CMUC 1967.

Independently of Petr Vopénka American mathematicians Robert
Martin Solovay and Dana Stewart Scott have built similar theories
of Boolean-valued models.

Boolean-valued models are still the main tools of showing relative
consistency of some sentences of the set theory.
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In years 1963 — 68 Petr Vopénka obtained also another non-trivial
results in set theory. Let me mention some of them.
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In years 1963 — 68 Petr Vopénka obtained also another non-trivial
results in set theory. Let me mention some of them.

With K. Hrbacek showed that the existence of a strongly
measurable cardinal is incompatible with V' = L(a) -
a generalization of the constructible universe for a set a.
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In years 1963 — 68 Petr Vopénka obtained also another non-trivial
results in set theory. Let me mention some of them.

With K. Hrbacek showed that the existence of a strongly
measurable cardinal is incompatible with V' = L(a) -
a generalization of the constructible universe for a set a.

Petr Vopénka constructed a new proof of the Gddel's Second
Incompleteness Theorem.
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In years 1963 — 68 Petr Vopénka obtained also another non-trivial
results in set theory. Let me mention some of them.

With K. Hrbacek showed that the existence of a strongly
measurable cardinal is incompatible with V' = L(a) -
a generalization of the constructible universe for a set a.

Petr Vopénka constructed a new proof of the Gddel's Second
Incompleteness Theorem.

With P. Hajek he has built the theory of permutation submodels of
the V-model.
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In years 1963 — 68 Petr Vopénka obtained also another non-trivial
results in set theory. Let me mention some of them.

With K. Hrbacek showed that the existence of a strongly
measurable cardinal is incompatible with V' = L(a) -
a generalization of the constructible universe for a set a.

Petr Vopénka constructed a new proof of the Gddel's Second
Incompleteness Theorem.

With P. Hajek he has built the theory of permutation submodels of
the V-model.

With B. Balcar and P. Hajek he proved the consistency of the
axiom of choice by so called hereditary ordinal definable sets.
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In years 1963 — 68 Petr Vopénka obtained also another non-trivial
results in set theory. Let me mention some of them.

With K. Hrbacek showed that the existence of a strongly
measurable cardinal is incompatible with V' = L(a) -
a generalization of the constructible universe for a set a.

Petr Vopénka constructed a new proof of the Gddel's Second
Incompleteness Theorem.

With P. Hajek he has built the theory of permutation submodels of
the V-model.

With B. Balcar and P. Hajek he proved the consistency of the
axiom of choice by so called hereditary ordinal definable sets.

As a jock, Petr Vopénka formulated today called "Vopénka's
Principle" which plays an important réle in the theory of large
cardinals.
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Important réle played a result with B. Balcar:

Theorem (Balcar - Vopénka)

If two inner models M, N, one with the axiom of choice, have
same sets of ordinals, then M = N.
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Important réle played a result with B. Balcar:

Theorem (Balcar - Vopénka)
If two inner models M, N, one with the axiom of choice, have
same sets of ordinals, then M = N.

So, the inner model with the axiom of choice is uniquely
determined by its sets of ordinals.
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Important réle played a result with B. Balcar:

Theorem (Balcar - Vopénka)

If two inner models M, N, one with the axiom of choice, have
same sets of ordinals, then M = N.

So, the inner model with the axiom of choice is uniquely
determined by its sets of ordinals.

That was the basic idea of the theory of semisets.

The simplest model of semisets:

Let M C V be an inner model. Elements of M are sets, subsets of
M are semisets and subclasses of M are classes.
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Important réle played a result with B. Balcar:

Theorem (Balcar - Vopénka)

If two inner models M, N, one with the axiom of choice, have
same sets of ordinals, then M = N.

So, the inner model with the axiom of choice is uniquely
determined by its sets of ordinals.

That was the basic idea of the theory of semisets.

The simplest model of semisets:

Let M C V be an inner model. Elements of M are sets, subsets of
M are semisets and subclasses of M are classes.

By Balcar-Vopénka’'s Theorem the whole universe V' is uniquely
determined by "sets" and "semisets".
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Important réle played a result with B. Balcar:

Theorem (Balcar - Vopénka)

If two inner models M, N, one with the axiom of choice, have
same sets of ordinals, then M = N.

So, the inner model with the axiom of choice is uniquely
determined by its sets of ordinals.

That was the basic idea of the theory of semisets.

The simplest model of semisets:

Let M C V be an inner model. Elements of M are sets, subsets of
M are semisets and subclasses of M are classes.

By Balcar-Vopénka’'s Theorem the whole universe V' is uniquely
determined by "sets" and "semisets".

In 1972, Petr Vopénka and Petr Hajek published the monograph
The Theory of Semisets.
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The monograph contains several important results of the set theory
formulated in the language of semiset theory. The translation is
easy. | present two important results of the monograph.

Let M be an inner model. A set 0 C M is said to be a support

over M if for any two binary relations r1, 7o € M, there exists

a binary relation r € M such that r"oc =170 \ ro” o, where
r"o={y €rng(r): (3x € o) (z,y) €r}.
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The monograph contains several important results of the set theory
formulated in the language of semiset theory. The translation is
easy. | present two important results of the monograph.

Let M be an inner model. A set 0 C M is said to be a support
over M if for any two binary relations r1, 7o € M, there exists
a binary relation r € M such that r"oc =170 \ ro” o, where
r"o={y €rng(r): (3x € o) (z,y) €r}.
Then he showed:
If o C M is a support, then M[o] O M is a generic extension.
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The monograph contains several important results of the set theory
formulated in the language of semiset theory. The translation is
easy. | present two important results of the monograph.

Let M be an inner model. A set 0 C M is said to be a support
over M if for any two binary relations r1, 7o € M, there exists
a binary relation r € M such that r"oc =170 \ ro” o, where
r"o={y €rng(r): (3x € o) (z,y) €r}.
Then he showed:
If o C M is a support, then M[o] O M is a generic extension.

B. Balcar find a very nice proof of an strenghtening of this result.

Theorem (B. Balcar — P. Vopénka)

If o C P e M is a support, then there exists an preorder < € M of
the set P such that o is a filter on (P, <) generic over M.
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If M is an inner model, Petr Vopénka defined the boundedness
axiom

Bd(k) = (Yo C M)(3a € M,|a/™ < k)3p Ca)o = Up.

Lev Bukovsky
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If M is an inner model, Petr Vopénka defined the boundedness
axiom

Bd(k) = (Yo C M)(3a € M,|a/™ < k)3p Ca)o = Up.

Then he proved

Theorem (P. Vopénka)
V' is a generic extension of M if and only if (3x) Bd(k).
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If M is an inner model, Petr Vopénka defined the boundedness
axiom

Bd(k) = (Yo C M)(3a € M,|a/™ < k)3p Ca)o = Up.

Then he proved

Theorem (P. Vopénka)
V' is a generic extension of M if and only if (3x) Bd(k).

Unfortunately, people were afraid of the language of semiset theory
and those results remained unknown.
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If M is an inner model, Petr Vopénka defined the boundedness
axiom

Bd(k) = (Yo C M)(3a € M,|a/™ < k)3p Ca)o = Up.

Then he proved

Theorem (P. Vopénka)
V' is a generic extension of M if and only if (3x) Bd(k).

Unfortunately, people were afraid of the language of semiset theory
and those results remained unknown.

| will not comment the very detailed style of presentation of this
monograph. Just | recommend you to try to find and to understand
the above mentioned results in the monograph.
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In 2014 at a conference in Novi Sad | presented a simpler
alternative proof of my old result. In the proof | have used the
notion of support. Several participants were surprised. After my
lecture, a prominent topologist and set theoretist came to me and
asked what | did speak about. He never heart about such results.
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In 2014 at a conference in Novi Sad | presented a simpler
alternative proof of my old result. In the proof | have used the
notion of support. Several participants were surprised. After my
lecture, a prominent topologist and set theoretist came to me and
asked what | did speak about. He never heart about such results.
So | decided to published the paper with explaining the notion of
a support and the Balcar-Vopénka Theorem.
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In 2014 at a conference in Novi Sad | presented a simpler
alternative proof of my old result. In the proof | have used the
notion of support. Several participants were surprised. After my
lecture, a prominent topologist and set theoretist came to me and
asked what | did speak about. He never heart about such results.
So | decided to published the paper with explaining the notion of
a support and the Balcar-Vopénka Theorem.

| present a part of the report of the reviewer of the paper. You can
guess who is it.
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In 2014 at a conference in Novi Sad | presented a simpler
alternative proof of my old result. In the proof | have used the
notion of support. Several participants were surprised. After my
lecture, a prominent topologist and set theoretist came to me and
asked what | did speak about. He never heart about such results.
So | decided to published the paper with explaining the notion of
a support and the Balcar-Vopénka Theorem.

| present a part of the report of the reviewer of the paper. You can
guess who is it.

The Czech school’s work in Set Theory in the 1960’s and 70’s is
not readily accessible in the West. Personally, | found the paper
both useful and interesting.
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Finally, | should like to present the most important consequence of
the Vopénka's work in Set Theory.
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Finally, | should like to present the most important consequence of
the Vopénka's work in Set Theory.

Petr Vopenka built a strong school of Set Theory.
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Finally, | should like to present the most important consequence of
the Vopénka's work in Set Theory.

Petr Vopenka built a strong school of Set Theory.

Kosice school of Set Theory is a product of Vopénka's seminary as

well.
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Finally, | should like to present the most important consequence of
the Vopénka's work in Set Theory.
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Petr Vopenka built a strong school of Set Theory.

Kosice school of Set Theory is a product of Vopénka's seminary as
well.

Petr Vopénka was a teacher. He did not behave as a teacher. He

was a friend with great influence on the members of his seminary.

The members of the seminary have obtained already at the end of
1960’s several strong results in Set Theory. The Prague seminary

was well known over the mathematical word with its results.

Let me preset in the alphabetical order the most important
members of the seminary and therefore Vopénka’s students:
Bohuslav Balcar, L.B., Petr Hajek, Tomas Jech, Karel Hrbacek,
Karel Prikry (he studied in Warsaw), Antonin Sochor, Petr
Stépanek.
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