“We have a habit in writing articles published in scientific journals to make the work as
finished as possible, to cover up all the tracks, to not worry about the blind alleys or describe
how you had the wrong idea first, and so on. So there isn’t any place to publish, in a dignified

manner, what you actually did in order to get to do the work. ”
Richard Philips Feynman (1918 - 1988)

Chapter 7
Numerical Differentiation and Integration

A given set of (n+1) data points (z;,y;), i = 0,1,2,...,n is assumed to represent
some function y = y(x). The data can come from some experiment or statistical
study, where y = y(x) is unknown, or the data can be generated from a known
function y = y(x). We assume the data points are equally spaced along the z-axis
so that z; . ; —x; = h is a constant for i =0,1,2,...,n—1. In this chapter we develop
ways to approximate the derivatives of y = y(z) given only the data points. We
also develop ways to integrate the function y = y(x) based solely upon the data
points given.

Numerical Approximation for Derivative

To approximate the derivative function ¢/(z), evaluated at one of the given
data points (z;,v:), say at z = 2., 0 < T < T, We assume that the function y(z)
has a Taylor series expansion about the point z,, given by either of the forms

h? h3
m ) = 9(5m) + 5/ @+ (@) o /@) o 7.
or
h2 1 h3
YW — W) = YT ) — y'(azm)h + y"(mm)g -y (JJM)y qpeoc (7.2)

By solving the equation (7.1) for the first derivative one obtains the forward
derivative approximation

Y (@) = y(@m + h,z —y@m) | O(h). (7.3)

Solving the equation (7.2) for the first derivative gives the backward derivative
approximation

o () = L) = z(xm M) o). (7.4)
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Subtracting the equation (7.2) from the equation (7.1) gives

3

Y( T +h) — y(Tr — h) =29 () + 2" (z10) h + - (7.5)

3!

from which one can obtain the central derivative approximation

y/(mm) _ y(xm + h)2_hy(xm — h’) + O(h2) (76)

which is more accurate than the results from equations (7.3) or (7.4). By using

Taylor series expansions one can develop a variety of derivative approximations.
One can derive a derivative approximation for any order derivative. Consider
an approximation for the jth derivative
diy
dxi

where j a positive integer. The derivative can be approximated by assuming the
derivative can be represented in the form

y9 (2;) =% [Bmy(zi — mh) + Bm—1y(xi — (m — 1)R) + - -- + Bry(zi — h)

aoy(@i) + -+ + an—1y(zs + (n — 1)h) + any(z; + nh)] + O(RY)

(7.8)

involving (m + n + 1) data points, where 8,,,8m-1,...,081,@0,01,...,a, and N are
constants to be determined. Let y;,; = y(z; + jh) for the index j ranging over the
values j = —m,—(m —1),...,(n — 1),n and expand these terms in a Taylor series
which are then substitute into the equation (7.8). One can then collect like
terms and force the right-hand side of equation (7.8) to equal the left-hand side
of equation (7.8) by setting certain coefficients equal to either zero or one. This
will produce a system of equations where the coefficients 8,,,..., 31, a0, ..., a, and
the order N of the error term can be determined .

Example 7-1. (Derivative formula)
Derive a formula for the first derivative of the form

1

y,(xm) = E [aoym I A1Ym+1 + a2ym+2] + O(hN) (79)

where ag,a1,a2 and N are constants to be determined.

Solution: Substitute the Taylor series expansions

h2
Ym+1 = Y(@m + ) =y(Tm) + ¥ (zm)h + y”(gl;m)g ...

(2h)°
2l

(7.10)

Ymi2 = Y(Tm + 2h) =y(zm) + ¥ (m)(2h) + 4" (zm) 4.



into the assumed form for the derivative to obtain

1 h? 2h)?
vin = 7 [0t + @1 (v v i oo+ ) (v o)+ B )

We collect like terms and write the above equation in the form
2

1 h
Ym = 7 [(Oéo + a1+ ag)ym + (arh + a2(2h))yp, + (a5 + az(2h?))yp, + O(hg)} (7.11)

In order that the right-hand side of equation (7.11) reduce to ¥/, we require the
unknown coefficients to satisfy the equations
ag  + a; t+a =0
(651 + 2042 =1 (712)
(1/2) a1 + 20[2 =0.
We solve this system of equations and find ag = —3/2, oy =2 and ay = —1/2. This
gives the derivative formula

- m 4 m - Ym
y () =~ Bl Z Uit o (g2) (7.13)

where the 1/h factor has simplified the error term in equation (7.11). By including

more terms in the expansions above one can determine the exact form for the

error term.
[ |
Example 7-2. (Derivative formula)
Derive an approximation formula for the second derivative of the form
1
Y (zm) = %) [B1Ym—1 + Ym + 1Ymi1] + O(RY) (7.14)

where 31, a9,0q and N are constants to be determined.
Solution: Substitute the Taylor series expansions given by equations (7.1) and
(7.2) into the equation (7.14) and then combine like terms to obtain

Y (@) =35 (51 + 00 + @)y 1 + (a0h + @ (2R)5hy
3 (7.15)

h  ht
+(c0h?/2 + 01 (2h%))yi, + (on — Bu)yi 7 + (on + Byl 7 + -+

In order for the right-hand side of this equation to reduce to y” we require the
coefficients to satisfy the conditions

8+ ap +a; =0
(67)) —|—20[1 = 0
(1/2) (7)) —|—20[1 = 1
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We solve this system of equations and find 3, = 1, ap = —2 and «a; = 1. Observe
that these values for 3, ag, «; make the " coefficient zero and so one obtains the
second derivative approximation

Ym—1 — 2ym + Ym
Y () = 202 = L OR?). (7.16)

|
Derivative approximations of a function can also be derived by differentiat-

ing a polynomial approximation of the function. For example, one can use a
polynomial approximations such as the Newton forward, Newton backward or
Stirling polynomial approximations for y(r) and then one can differentiate the
polynomial approximation and use that as an approximation for the derivative.
For the first derivative one obtains the approximation

dy dP,(s) ds T — To
dy o 4Pn(s) ds h _
dx s dw|,_,, o0 ST Th

T=x0 T=To

(7.17)

Approximations for higher derivatives can be obtain by taking higher order
derivatives of the approximating polynomials. This gives the approximation

d™y 1 d™Py(s)

dem ~ hm  dsm

(7.18)

for m = 1,2,3,.... Differentiation is a roughening process and so one should ex-
pect to obtain large errors when using collocation polynomials to approximate
a derivative. The error term associated with a derivative of an interpolating
polynomial is obtained by differentiating the error term of the interpolating
polynomial.

Example 7-3. (Derivative formula)

Obtain approximations for the derivatives y'(zo), " (x0) and y"'(z¢) by differentia-
tion of the Stirling polynomial approximation which we obtain from the lozenge
diagram of figure 4-1

(2) A2y_1

A —|—A, s+1 +
o) = Bale) =0+ () Bt )

s+ 1\ Ady_1 + Ay, (312)4‘(811
() e

(7.19)
) Aty _o+---

a5 = a5
where s = 0

takes on integer values at zg,zy,....
Solution: We use chain rule differentiation to differentiate the approximating



polynomial and then use these derivatives to approximate the derivatives of y(z).
Expanding the equation (7.19) we find

Ayo + Ay_1 )
2

1 1
+ =A%+ —(s° — 9)

Ay 1 + A3y,
2 6

y(x) =yo + s < 5

1
+

Lt -ty

with derivatives

1 {(Ayo + Ay

/ ~ __
y(w)fwh 5

1 Ady_; + Ady_
)+3A2y_1+6(382_1)< Y-1 Y 2)

2

+ i(453—25)A4y +---

24 -2

1 A3y_1 + Ady_ 1

y”(ac) %ﬁ |:A2y1+8( Y-1 5 Y 2) +E(632_1)A4y2+:|

1 Ay + Ay,
" ~_

) + sAty_ o5+ - ]

At the point z = 2o we have s = 0 and so we obtain the approximations

y,(m)zl Ayo +Ay-1\ 1 (A%y .+ A%,
o7 h, 2 6 2

1 1
" ~— |A%y_, — — A%y
Y (20) 1 [ y-1 - 5A% 2}

///(.I ) %i A3?/71 2y A3y72
Yy 0 73 5)

These same results can be obtain by differentiating the equation (4.95) consid-

ered earlier. Note also that derivative approximations can be obtained from the
appropriate values of a difference table. Alternatively, the differences can be
expressed in terms of ordinate values and so the above derivative formulas can
also be expressed in terms of ordinate values.

Error Terms for Derivative Approximations

To derive error terms associated with numerical differentiation or integration
we will need the following results.

(1.) If F(») is a continuous function over the interval a < = < b, then there

exists at least one point c such that « <c¢ <b and

aF(a) + BF(b) = (a+ B)F(c) (7.20)

for positive constants o and S.

249



250

(2.) A generalization of the above result is the following. For F(z) continuous
over the interval a < z < b, with points =z; satisfying a <z; <bfori=1,...,n
then one can write

F(z1) + F(m3) + -+ + F(zy) = nF(€) (7.21)

for some value ¢ lying in the interval [a, b].
The result (7.20) follows from the inequalities, that if F(a) < F(b), then for
positive weights o and 3

(a+ B)F(a) < aF(a) + BF(b) < (o + B)F(b)

or

aF(a) + BF(b)

F(a) < < F(b).
(@) < =22 < Py
Hence, if F(z) is continuous over the interval [a,b], then there exists at least one

point ¢ such that
aF(a) + BF(b)
a—+p

= F(c).

The result (7.21) is obtained by similar arguments.
The error associated with an ith derivative approximation evaluated at a
point z, is defined
Error = y®(20) — 4% (20)approa (7.22)

Most error terms can be obtained by truncation of appropriate Taylor series
expansions. For example, to find an error term associated with the forward

derivative approximation y; = L ;yo we truncate the Taylor series expansion
and write
h2
y1 =y(@o +h) =y(zo) +y' (@) +y"(€) 57, 2o <E<mo+h (7.23)
The error term is then found from the relation
y'(z0) — (y(aco + h})L — y(aco)) = Error (7.24)

Substituting the Taylor series expansion for y(zo + h) gives

h? h .,
h

1
Error =y, — — {yo + yoh + y(ﬁ)”g — Y| =—5Y"(§)- (7.25)



Sometimes it is necessary to use Taylor series expansions on one or more
terms in a derivative approximation. For example, to find an error term as-
sociated with the central difference approximation for the second derivative

1 —2 . . .
g = L1 g;Oerl we use truncated Taylor series expansions from equations

(7.1) and (7.2) to obtain

=2
Error =y{ — (y - hgo i yl)
1 h? h3 ht
E T R " 1 (W) D9 9
TToT =Yo 72 {Z/O Yoh + Yo+ 5 — Yo = 6 +y5 ' (61) Y Yo (7.26)
2 4

h B3
+yo + yoh + Yo = + yé”g +y (Sz)

2

which simplifies to

2
Error = —% (“’)(C) (7.27)

To derive the result given by equation (7.27) we have made the assumption that
the derivative yow)(a:) is a continuous function so that

3 )+ “’><£>—(h4 h4)yé”’<<)

24Y 24

which is a special case of the result (7.20) previously cited. Note also we had to
go to fourth order terms in the expansions because the third order terms added
to zero.

Method of Undetermined Coeflicients

One can assume a derivative formula for f/(z) involving undetermined coef-
ficients and then select the coefficients so that the assumed derivative represen-
tation is exact when the function f(z) is a polynomial. For example, with equal
spacing where z;,, = x; + h, one can assume a derivative formula

F(@:) = Bof(x:) + B f(Tiv1) + Baf(wite) (7.28)
where 3y, 81, 2 are undetermined coefficients, and then require that this formula
be exact for the cases f(z) = 1, f(z) = 2 — z; and f(z) = (z — z;)2. In this way
one obtains three equations from which the three unknowns g, 3,8, can be
determined. We have:

For f(z) =1, the equation (7.28) becomes 0=08 + 51 + B2
For f(z) = = — x;, the equation (7.28) becomes 1= Bih+B22h (7.29)
For f(z) = (z — x;)?, the equation (7.28) becomes 0= [1h® + Badh?
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We solve the equations (7.29) and find gy = —3/2h, 31 = 4/2h, and By = —1/2h.
This gives the first derivative formula

(@) = 52 -3 (@) + 46 (wss1) = F(@isa) (7.30)

The error term associated with this formula can be obtained from equation (7.22)
together with appropriate Taylor series expansions. The method of undeter-
mined coefficients is applicable for determining both derivative and integration
formulas.

Numerical Integration

In this section we develop integration formulas and associated error terms
which can be used for evaluating integrals of the form

I1:/ f(z)dz or IQZ/ w(z) f(x)dz (7.31)

where w(z) is called a weight function. Integration formulas are also referred to
as quadrature formulas. The term quadrature coming from the ancient practice
of constructing squares with area equivalent to that of a given plane surface.
The integrands f(z) or w(z)f(z) in equations (7.31) are assumed to be continuous
with known values over the interval a < z < b. The interval [a,b], over which the
integral is desired, is divided by (n+1) points into sections with a = 2o < 21 < 73 <
... < x, = b. This is called partitioning the interval into n-panels. These panels
can be of equal lengths or unequal lengths as illustrated in the figure 7-1.

Panel1l Panel2 Panel3 000 Panel i Paneln

Panels with equal spacing

Panel 1 Panel2 Panel 3 TR Panel i ooo Paneln

Panels with unequal spacing

Figure 7-1. Partition of interval [a,b] into n-panels.




By developing integration formulas for the area under the curve associated
with one or more panels, one can repeat the integration formula until the area
associated with all panels is calculated. We begin by developing a one-panel
formula.

Assume that the interval [a,b] is partitioned with equal spacing with

b—a

a=x9, b=z, h= , xj=z0+jh, for j=0,1,2,...,n. (7.32)
n

The area under the curve y = f(x) between
z;_1; and z; is approximated by constructing a
straight line interpolating polynomial through
the points (z;_1,y_1) and (z;,v;) and then in-
tegrating this interpolation function. We use
vi—1 = f(z;_1) and y; = f(z;) and obtain from the

lozenge diagram of figure 4-1, with appropriate
notation change, the straight line

2
Pi(z) = yi—1 + sAy;—1 + s(s — 1)%f"(§(x)), where s= (7.33)

and Ay;_1 = y; —v;i—1. The area associated with one-panel is then approximated

by
T a2y z; )
/ fl@)dz ~ / Py (z) dx = / {yz-_l + sAy;_1 + s(s — 1)%1’"(5(9@)) de. (7.34)

We use the change of variable for s given by equation (7.33) and integrate the
first two terms of equation (7.34) to obtain

1

L (7.35)

Zq 82
/ f(x)dx =h [Syi—l + 5&%‘—1 5

0

which is known as the trapezoidal rule since the area of a trapezoid is the average
height times the base. Alternatively the trapezoidal rule can be derived by
integrating the Lagrange interpolating polynomial

r — X;

Pi(z) = ——f(@i-1) +

Ti—1 — 5 Ti — Ti—1

T — Ti—1

f(zi)

from z,_; to z;.
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The last integral in equation (7.34) represents an integral of the error term
accompanying the approximation polynomial. In order to evaluate this last
integral we use the mean value theorem

Tn

/mnf(x)g(w)dwzf(é‘) / )Gy o € € e (7.36)

m

where it is assumed that the functions f, ¢ are continuous in the interval [z,,,z,]
and g(z) remains of one sign over the interval. i.e. Either g(z) > 0 or g(z) < 0 over
the interval. By integrating the error term of the straight line approximating
polynomial one obtains the local error term associated with the trapezoidal rule
formula. This integration produces

Y h? " L= Ti-1
local error = (s* — s);f (&(x))dx, s= P hds = dz
h3 1 B3 3 211
local error :—f”(C)/ (s —s)ds = —f"(C) s (7.37)
2 0 2 3 2],

local error — — = p1(¢)
ocalt error = 12 .

The one-panel trapezoidal formula with local error term can be written in either
of the forms

3

[ @ =5 sl - 500

" . » (7.38)
or [ fl@)do =3 [Flz) + fa)] - 157C)
By partitioning an interval [z, x,] into n + 1 points one can write
/ f@yde=3 [ f(a)da. (7.39)
o j:l Tj—1

Now one can apply the trapezoidal rule to each of the n-panels. The sum that
results gives a representation of the integral over the interval [z¢,z,]. This rep-
resentation is called the extended trapezoidal rule or composite trapezoidal rule
and can be represented for equal or unequal panel spacing. For unequal panel
spacing the extended trapezoidal rule is written

n h h s
/ f(@)dz = Z-(yo + 1) + 5 (1 +y2) + -+ - (Un-1 + yn) + global error  (7.40)



